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Abstract 

We construct supersymmetric gauge theory on S* 4 x S x . We find a consistent SUSY 
q_j transformations which reduced to the 4d N = 2 SUSY transformation studied by Pestun by 

the dimensional reduction on S 1 . We find there is no analog of the usual Yang-Mills action 
except in the 4D limit. We also apply the localization technique to the partition function 
of the theories. 
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1 Introduction 

The supersymmetric gauge theories on (Euclidean) curved spaces have been investigated 
very intensively recently. Main motivation for these is the exact computations of the par- 
tition function and some BPS operators. These can be done by the localization technique 
in field theory developed by [1] [2]. The work of [2], where the N = 2 gauge theory on 
S* 4 was considered, have been generalized to other geometry [3]- [20]. One of the interesting 
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applications of these is the computation of the iVa scaling of the partition function of the 
ABJM model [21]. 

Especially, the applications of the localization technique to the 5D gauge theory on 
curved space will be important for studying the still mysterious M5-branes. Indeed, in the 
paper [13] the 5d Supersymmetric gauge theories on S 5 was constructed and some interesting 
results have bee obtained for the theories [HI [17]. Since compactifications of the M5-branes 
give varieties of lower dimensional interesting theories, it will be important to extend the 
construction of the SUSY gauge theory on S 5 to other spaces for studying the M5-branes. 

In this paper, we construct supersymmetric gauge theory on S A xS 1 . We find a consistent 
SUSY transformations which reduced to the 4d N = 2 SUSY transformation studied by 
Pestun [2] by the dimensional reduction on S l . We find there is no analogue of the usual 
Yang-Mills action which does not contain Lorentz violating constant, except in the 4D 
limit. It should be noted that we can not use the off-shell 5D supergravity [23] to construct 
a SUSY transformation and actions following [22] because there does not exist a field in 
the supergravity corresponding to the background field which appears in the Killing spinor 
equation. Thus we should think the theory has infinite coupling constant. We apply the 
localization technique to the partition function of the theory on S A x S 1 following [2] [20] 



1 



and find the result is a simple extension of the corresponding partition function on S A with 
the contributions from Kaluza-Klein modes. 

The organization of this paper is as follows: In section 2 we construct the Killing spinor 
and the consistent SUSY transformations of the vectormultiplets and hypermultiplets for the 
theory on S" 4 x S 1 In section 3, we see that a SUSY invariant action for the vectormultiplets on 
S 4 x S 1 is difficult to construct. We can construct it only in the 4D limit by the dimensional 
reduction. In section 4, we apply the localization technique to the partition function of the 
theory on S 4 x S 1 and find the result is a simple extension of the corresponding partition 
function on S A . We conclude with a short discussion in section 5. 



2 SUSY transformations 

In this section we will try to construct consistent SUSY transformations on S 4 x S 1 by 
taking a simple ansats on the Killing spinor. 

2.1 Killing Spinor 

We will construct SUSY gauge theories on S A x S 1 following jT3] . We will use the notations 
as used in [J3] for the theory on S 5 . The indices m, n, ■ ■ ■ runs from 1 to 5, on the other 
hand, fi, v, ■ ■ ■ runs from 1 to 4. As in [13], we assume the following Killing Spinor equation: 



where 



V m £j = r m fj, (2.1) 



We further assume 



The metric of S A x S l is 



As + 1/. (2.2) 



d^j = 0. (2.3) 



ds 2 S 4 xS i = (dx 5 ) 2 + ds 2 



dr 2 + r 2 ds 2 s3 dx 2 



ds 2 si = l 2 (de 2 + sm 2 6ds 2 s3 ) = - - -f = ^ ; 2 n . (2.4) 



1 + ii) 2 (1 + ii) 2 ' 



where r 2 = Ylt,=i( xn ) 2 an( ^ e ° = f$ndx n and / = (1 + ^) 1 . Here x 5 is a coordinate of S 1 
with radius R, thus there is an identification x 5 ~ x 5 + 2nR. 
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First, D^i = T^i is solved [2] if we take 

1 4P 



6 = — '(4-^,1. («) 



2/a/1 -r 4^2 



where i, j = 1, . . . , 4 which are 4D flat indices and e, e' are constants. For the S 1 direction, 
the condition V5& = = r 5 £/ is written as 



Assuming 



we have 



which implies 



1/ = t/r 5 &. (2.6) 



tr, = ±rt, (2.7) 



= ±^ r 5 e '> ( 2 - 8 ) 



(*V = (2.9) 



where we assume [t, T 5 ] = 0. We have 



6 = F= (ej + sTJV/e,;). (2.10) 

1 + * 

We will later see that the scaling transformation which enters in the SUSY algebra is 
p ~ e Cifjj — ^ IJ Tii^j = £jt IJ r 5 r]j — r]jt IJ r 5 ^j which should vanish for a non-scale invariant 
theory. For t/ = which means t IJ is a symmetric tensor for SU(2)r, we find p — 0. 
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Therefore, we essentially fix t modulo the SU(2)r transformation^ 



t/ = ±M/, (2.13) 



where 



6 - - ^ + ^>> 
6 = = -^i 1 -^ 5 )^ (2 ' 14) 

This would corresponds to a SU{2)r gauge field background in the supergravity, however, 
there is no term T m £/ = tjTmT^ in the SUSY transformation of the gravitino of [23]. Thus 
we can not use [23] to construct the SUSY invariant action. 



2.2 SUSY transformations 

Now we will construct the SUSY transformations on S 4 x S 1 of the vector multiplets. First, 
following [13] we assume that the SUSY variation of fields on S 4 x S 1 takes the form 



^A m = 


ie IJ CiT m Xj , 








5^a = 










= 


- l -T mn i I F rnn + T m i I D m( j + 


ijD KI e JK 


+ 2ija 




hDu = 


-2(6r m v m A J + or m v m A / 


) + [<r,ZAj 












+ OA/] 


+ 2i£ K t u r 5 \ K , 



where we have used 



sftjl + tfsJ = -s KL t KL S/, (2.16) 



2 There is another choice: 



where 



4Z 2 



2/ 



1 + ™ 



2/ 



(2.15) 



t = i^a 3 r s . (2.11) 



1 / x% , 



6= = -J=fl-^]V2. (2.12) 



However, in this choice we find that it is difficult to construct a consistent SUSY transformation related to 
this. Thus, in this paper, we forget this possibility. 
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which is valid for an arbitrary symmetric tensor sjj. 
Using 



3 

r m v m £/ = T m tj r 5 r m ^j = — j^Zi, 



(2.17) 



and performing some computations, we can show that the commutator of two SUSY is a 
sum of translation (v m ), gauge transformation (7 + iv m A m ), dilation (p), R-rotation (Ru) 
and Lorentz rotation (0 ab ): 



8 v ]Du = -iv n V n D u + i[ T , Djj] + 2pDjj + R'jD KJ + R'jD IK 

-tv n D n Djj + z[ 7 , Djj] + 2pDjj + Rj K D KJ + Rj K D IK . (2.18) 

Here R/ = e JK R IK and 



7 = -1%e IJ iir]j(j , 

p = -2ie L, {i I f lJ - m lj) = Q , 

Ru = -3i(Cifjj + CjVi - rjiO ~ vAi) ~ 2ie KL £ K r 5 t IJ r] L 

= 4ie KL ^ K T 5 t IJ 7 lL , 



Here, Ru = Rji and Ru = i? 22 = implies Rjj ~ tij. Therefore, the SUSY transformation 
which is inferred from the result of [13] indeed is consistent off-shell. 

For the hypermultiplets, we also assume SUSY transformation of the form [13] : 



[6{, S v ]A m 
[5^5 v ]a 



-iv n F nm + D m >y , 
—iv n D n a + per , 




5ip 



e IJ r m ^V m qj + ie IJ ^aqj + 3e IJ ^qj + e^'^Fj, 
e IJ T m ^D m qj + te IJ ^aqj + 2e IJ ^qj + e^'&Fj,, 



5F r 



2Cr(tT m D m i: + aij + e KL \ K q L ). 



(2.20) 



The square of 5 is 



5 2 F I 



qi = -iv m D m qi + i-iqi + Rj q 3 

= -i V m D m ij + i^ + ^e ab T ab ij 

7 r = - lv ™ Dm F I ,+i 1 F I , + ti I {F J , , 



(2.21) 
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where 

v m = e IJ ^T m ij , 

7 = -ie IJ £i£j(T , 

R u = 2i(e KL t K r 5 t I j£ L ) , 

Q ab = -2te IJ ^T ab O , 

R' rjl = -2ii r T m D m i r , (2.22) 

which is consistent with the one for the vectormultiplets. Therefore, the SUSY transforma- 
tion for the hypermultiplets is consistent. 

3 SUSY invariant action 

In this section, we will try to construct SUSY invariant action. We will see that our SUSY 
transformation corresponds to the one of [2] by the dimensional reduction of S 1 . We will 
drop the total divergent terms below for the notational convenience. 

Now we will try to construct a SUSY invariant action for vectormultiplets on S 4 x S 1 . 
We can show 

5s {^F mn F mn - D m aD m a - \d lj D ij + zA / r m V m A / - Xj[a, X 1 } - iXA 1 ^ 

= 2A 7 [r 5 t /J , Y mn ]ijF mn - 2iD m a(Ci{T 5 t IJ , T m }Xj - 2iD IJ ^ K T 5 t I jX K ) 

+2i£ I X 1 aTi 2 (t 2 ) - 4z^r 5 t Jr m r 5 t/r m A / cr + (total divergence), (3.1) 

and then we find 

^ Qf 2 - (Da) 2 - \d lj D ij + iA/r m D ro A 7 - Xj[a, X 1 } 

+2A 5 t IJ D T j - t u t IJ (Q(A 5 ) 2 - 4a 2 )) 
= Att IJ ((^Aj)^ - (ZAj)d 5 *) ■ (3.2) 

This action is not gauge invariant nor SUSY invariant. However, if we dimensional reduce 
to S A by taking R — > 0, both problems disappear. Thus, in this limit to the theory on S A , 
we find the invariant action as 

C v s T tor = ^F mn F mn -D m aD m (r + i\ I r m D m \ I -\ I [a,\ I ] 

- 1 -{D U - 2A 5 tjj)(D IJ - 2A 5 t IJ ) - 4tjjt IJ ((A 5 ) 2 - a 2 )) , 

(3.3) 

where d§ = 0, which is the usual SUSY Yang-Mills Lagrangian of the vector multiplet used 
in [2]. Note that the mass terms for the scalars (A5, ia) are same and the auxiliary field 

D'u = Djj - 2A 5 t u (3.4) 
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transforms as 

SsD'jj = -i^iT m D m Xj + ^jr n D m X I ) + [a^ I Xj + OX I ], (3.5) 
which is same as the one for R 4 and 

8t\i = -^r mn ^F mn + r m ^D m a + OD' KI e JK + 2^ I a-T^ I A^ . (3.6) 

This is consistent with the one in [2]. 

For S 4 x S , we can construct a Yang-Mills action on S 4 x S 1 which is invariant under 
a SUSY generator, but it is the SUSY exact action which will be used as a localization 
computation and it is depend on constant tensors. It is difficult to construct the SYM 
action on S 4 x S 1 which reduces to the standard SUSY YM action on S 4 by the dimensional 
reduction. This is partly because the dimensional reduction gives a massless scalar in the 
vector multiplet, but there is the mass term for all the scalar fields in the SYM action on S 4 
by the conformal mapping from R 4 . To resolve this, we probably need to modify the anzats 
for the Killing spinor although we will not try this in the paper. We can instead think that 
the theory has infinite gauge coupling constant although this would cause some divergence 
even for the BPS protected properties. 

Now we will consider the hypermultiplets. By explicit computations, we find that the 
following one is a SUSY invariant Lagrangian on S 4 x S 1 : 

Chyper = 6* J (D m qj D™ Qj - QjCT 2 Qj) - 2(1^™ + ^a^j) 

-iqiD IJ qj - Ae IJ ^X iqj - e rj ' ' F r Fj, 

-2t IJ q I Dsqj-&1* L t KL J J q I qj . (3.7) 
Taking the 4D limit, R — Y 0, we have the SUSY invariant Lagrangian on S 4 : 

e IJ (D^ qi D» qj + qi (A 5 ) 2 qj - qi a 2 qj) - 2(i$F*D^ + t/T 5 A^ + ^0 
-i qi D' IJ qj - Ae LJ 4>X iqj - e*' J 'F r Fj, 

-8t KL t KL e IJ q iqj . (3.8) 

This Lagrangian and the SUSY transformation are different from the ones of [2] where the 
action and the SUSY transformation contain terms quartic and quadratic of the scalars 
in the hypermultiplets, respectively. The Lagrangian 03 .8p will correspond to the round 
sphere limit of the Lagrangian in [20] . The hypermutiplet Lagrangian in [2] is expected to 
be related to ours by a field redefinition. 

A mass term for the hypermultiplets is also introduced by giving a VEV to the vec- 
tormultiplets which does not break the SUSY. Here, we can take (A5) = m, a = and 
(Djj) = in the Lagrangian (I3.7I) or A3 .81) . Then, a collection of the m dependent terms is 
the mass term. 



phyper 
L, s4 
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4 Localization 

In this section, we apply the localization technique to the theory on S 4 x S 1 following[2]. 
We take £/ as Grassmann-even spinor such that S% is the fermionic transformation. 

First, we will compute the bilinear of the Killing spinors which will be used for the 
localization technique. For 

*/ = ^Wf, (4.1) 
the explicit form of the Killing spinor is 

6 = * — 1 1 + ^r 5 ) ^, 



1 






y/l + 


4Z 2 




1 


r 2 ^ 






4Z 2 


' 2/ 15 




, 6 = 





6 = ^r 5 6, 6 = -^r 5 e 2 , (4.2) 

where ijji,ip2 are constant spinors. Note that we can not impose the 577(2) majorana 
condition £j = e J/ £jC for this. Instead, we can impose a "twisted" SU{2) majorana 
condition 

$ = e J/ £jCT 5 , (4.3) 

by imposing ip\ = e Ji ^JCT 5 . 

Now we regard as Grassmann even spinors and will compute 

s = e IJ irij, 

w rnn = £1™^, (4.4) 

which appear in (<5g) 2 . We can show that 

D m s = 2t IK w m 5iK, 

DnWmiu = = -t u (enmi^v^ 1 + s(5 5 ig nm - 5 5m g n i)) . (4.5) 
These implies that d 5 s = d 5 v m = d m v 5 = and 

D m v n + D n v m = 0, (4.6) 
i.e. v m is a Killing vector of S 4 x S 1 . 



8 



There are choices for the constant spinors ipi. In this paper we choose 

r 5 ^ 2 = rh, 7 12 ^2 = 7 3 >2 = #2, (4.7) 

because this corresponds to the Killing spinor used in S 4 case [2] as we will see later. Other 
choices are physically different from this and interesting to be studied although we will 
concentrate this choice in the paper. We also normalize the ipi as 

2^1 CV 2 = 1, (4.8) 

for the convenience. Note that this choice is consistent with the twisted ST/ (2) majorana 
condition. Then, we obtain explicitly 



s 



2—^(1 + r 5 ^ f )(i - ^r 5 )^ = = cose 



4P 1 4Z 



= 1 



u"-^- = it (x^a-x 2 ^ + x 3 <9 4 - x 4 <9 3 ) 

ltd d d d \ 

-'i{ Y >w 2 - Y >m + Y >w t - Y *m)- (49) 

Note that is pure imaginary, but v 5 = 1. Of course, we can multiply a phase factor to 
the if) j. Then, the majorana condition also has an extra phase and all bilinear of the Killing 
spinors are multiplied by a same phase factor. This can make w M real. 

Let us first concentrate on the vector multiplets. We take the regulator Lagrangian as 
S^V where V = tr [((^A^A] . Here we recall 

5t\i = --r^rFnn + r^jDna + ZjD/ + 2ira . (4.10) 
and we will take = —o and D* = D in the path-integral as in [13]. We define 

s^\\ = ieJr mn F mre -ejr- J D m( 7+el J D/-2etr 5 ^ , (4.11) 

where we take £/ is a twisted ST/ (2) majorana spinor in order for manifest positive definite- 
ness and the ^-closed condition of the added term. Note that path-integral contour should 
be cxt = -a and D\ 3 = —D IJ . 
Now we can show that 

= ^ + 1±£ (V_ + 2 + iz£ ( F+ + _£_ ((fc) " 

-^o-D^-^DjjD 1 - 7 , (4.12) 



where 

{F±)„ v = F, v ± l -e^F a ^ (4.13) 

and (dv)^ = D^Vy which is antisymmetric. Here we have used 

(ZVv) 2 + ^ vaP {D^ p ){D a vp) = U u t IJ (l - s 2 ), (4.14) 

and other identities follows from the Fierz identities which are summarized in the Appendix. 
The saddle points of f )4.12p are 

D m a = 0, Djj = 0, F M5 = 0, (4.15) 

and for s ^ ±1 

{F, v ) ± + Uv ) ± = 0. (4.16) 

1 =F s 

This implies D 5 F fMU = and 

^((l"^) dv + s*dv^j = 0, (4.17) 
from the Bianchi identity. We can check that this implies 

a = 0, and then = 0. (4.18) 

Only the Wilson line for x 5 , i.e. constant part of A 5 = a in a gauge choice, remains as a 
moduli for s 2 ^ 1. Note that a is periodic: a ■ Hi ~ a ■ Hi + where {Hi} is a basis of 
the Cartan algebra. Except this periodicity, the saddle points for the theory on S A x S 1 are 
same as the ones for the theory on the S 4 . 

Next, we consider the localization of the hypermultiplets. The SUSY transformation for 
the fermion in the hypermultiplets is 

5ip = e IJ T m t I D m qj + i6 IJ t I aqj + 6 I ' J '£ r Fj l .-2t IJ T^ I qj J (4.19) 

For positivity of the action of the hypermultiplets, we have assumed that F is "pure imag- 
inary", q is "real". With the rotation of the contours for a, Du, Fj>, we find 

(<ty)t = £ I Cr s r m D m q I n + i^CT^Qa - £ P CT 5 F J 'n +2t IJ i I Cq J tt (4.20) 

The regulator Lagrangian for the localization will be 8Vh yper where 

V = (^)V • (4-21) 
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Then, the bosonic part of the regulator Lagrangian is SVh ype r\bos = (SipySip which becomes 

SVhyperlbos = -e IJ 'DmqrDnqj + w^Dm^Dnq 3 - -J'^FpFj. - \f IJ qi0 2 qj 

-t IJ tue KL q K q L + 2iwf J q I aD^q J - 2vH IJ q I D li q J - list 13 q^qj^.11) 

where 

Here we have two inequalities: 

< \e IJ Y m i I D m qj\ 2 = i I CY b Y m D m q I ne IJ Y m i I D m q J 

= ~e 7 " r D m ?jD m9j + wfj n D m q l D n q\ (4.24) 

and < le IJ D m q I D m q J . Using 

w^D^Drf = i^w^fF^q 3 - 2>t IJ q I D v q J v^ (4.25) 
which is valid up to a total divergence term, we can show 

SVhyperlbos = V J 'DnftDnqj + Qe /J 'Dm^Dmqj + w^D^D^j - \i Vj 'F v Fj, 

-t IJ t LJ e KL q K q L (4.26) 

at the saddle points of the vectormultiplets. Because this is written as a sum of positive 
definite terms, we conclude 

g 7 = 0, F 7 = 0, (4.27) 

for the hypermultiplets at the saddle points. Thus, both of the saddle points of vectormul- 
tiplets and hypermultiplets essentially coincide with the one for S 4 [2] [2"U] . 

In order to compute the 1-loop determinant for the regulator Lagrangian, we need to 
first fix the gauge. This can be done following [2]. However, our SUSY transformation for 
S A x S 1 is closer to the one in [20J. Thus, it is more convenient to closely follow [2D]. As in 
[2U] . we introduce the BRST transformation Qb for the field in the vectormultiplets as the 
usual one with ghost field c and define Qbc = ice + a® where ao is constant. We also define 

Qc= -$ = -(sa + v m A m ), (4.28) 

where Q = 5%. We need to introduce other ghosts and their transformation rules: 

Qbcio = Qa = 0, Q B c = B, Qc = 0, Q B B = i[a , c], QB = i£ v c, 
Q B a = c , Qa = 0, Q B c = i[a , a ], Qc = 0, 

Q B B Q = c , QB = 0, Q B c = i[a Q , B Q ], Qc = 0. (4.29) 
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For the gauge fixing, we introduce Q = Q + Qb and and take the regulator Lagrangian as 



Q(V + V GF ), V GF = tr(cG + cB + ca ) (4.30) 

where 

G = id m A m + iC v {§ - A 5 ) = id^ + zX^($ - A 5 ) + id 5 $, (4.31) 

where v' is the S 4 part of v. Here we have taken this gauge fixing function, which is 
slightly different from the one used in [20], in order to fix the gauge symmetry related to 
x 5 direction. The saddle point of the vectormultiplets is unchanged and Other bosonic field 
vanish at saddle points except ao = A% which is from Qc = 0. 
We introduce 

q = Qa = iZ I \ I , ^ = Q^ = ^ 7 r M A 7 , E u = ^Xj + CjAj, (4.32) 
which means 

Aj = -zT 5 £i* - '-r^^, + r 5 £ J E u . (4.33) 

Then, the fields are classified by boson- fermion and Q-doublet: 

X = ((7,^,00,-80), 2 = (2/j, c, c) 
QX = (*, ^ + D^c, c , c ), QE = (-w?j n F mn - sD u - 2t u a, B, a - $) (4.34) 

where we have neglected higher order terms expect ones including muduli ao and A 5 . In 
terms of these, we can rewrite 

1 — 1 \ / Ax) An \ / X 



V + V OF = (QX,E ){ D - £ I |. (4.35) 



Then, we see 

ED 10 X + ED n QE = - wfjF^ + l -sD u - t u a\ E IJ 

+ % - (-v v F vlx + v b F^ - sD"a + 2wfjt IJ o) D^c + cG + cB + ca , (4.36) 

This D w is different from the one for the round S 4 in [20] only by the terms d^A^. Then, 
the principal symbol of D w is modified. However, if we Fourier-expand ^-direction and 
think that the theory is on S 4 with the Kaluza-Klein towers, we can see that the principal 
symbol of D w is same as the one for S 4 because d 5 is regarded as a constant. Therefore we 
can apply the index theorem for the transversally elliptic operator to each KK momentum. 
The Q 2 = (o^) 2 is modified by replacing [a , *] to D 5 (*) = <9 5 (*) — i[a , *] except for B Q , a 
which have zero mode only. Therefore, the 1-loop determinant is just given by the product 
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of the one for the vectormultiplets on S 4 for the KK tower with replacement of ao • a to ^ 
where a is the root of the gauge group and the n is the integer KK momentum. 

For the hypermultiplets, the auxiliary fields can be integrated out trivially. The D\q is 
modified only by adding term like D$q which is not a leading term in the symbol. Thus, 
for the hypermultiplets the 1-loop determinant is obtained from the one for the theory on 
S 4 as for the vectormultiplet. 

Finally, the instanton contribution at s = ±1, i.e. at the north and south pole of S 4 , is 
expected to be the Nekrasov's partition function Z inst (ao,ei — j, 62 = 7, r = 0, /? = R) for 
5D space. Therefore, by rescaling ao — > a^/l our final expression for the partition function 
on S 4 x S 1 obtained form [2] [20] is 

v f, ,„ 1 rr IL £ a + T fao • a + lJ R k ) T H q q • a ~ 

Z S a xS i= da a \Z inst \YY zrr. , q , tta ^- i7 > 

J tez Il P eR T { m ° ■ P + T + W 

where R is the representation of the hypermultiplets under the gauge group, p is a weight of 
R and Q = b + -r with 6=1. Here, according to [20] , we used the function T(x) to express 
the regularized infinite product. 

The integration variables a is periodic, i.e. a ■ Hi ~ a • Hi + j^, and the integrand of 
( I4.37P is indeed periodic under this. Taking R — > limit, (I4.37P reduces to the partition 
function for the theory on S* 4 [2] [20] with a numerical factor. We have introduced the mass 
term which affects the SUSY transformation by (A5). This may also enter the expression 
of the partition function with some shift of the mass |24j . 

5 Conclusion 

In this paper we have constructed supersymmetric gauge theory on S 4 x S 1 . We have found 
there is no analogue of the usual Yang-Mills action except in the 4D limit. It should be 
noted that We have applied the localization technique to the partition function of the theory 
on S 4 x S 1 following [2] [20] and find the result is a simple extension of the corresponding 
partition function on S 4 with the contributions Kaluza-Klein modes. 

To extend our work to the ellipsoid [20] will be straightforward. This will give the 
result with b ^ 1. In this paper, we only computed the partition function. Of course, it is 
interesting to compute the Wilson loop, the 't Hooft loop [25] and other operators. 
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Note added: 

As this article neared completion, we became aware of the very interesting preprint [26] 
where the 5d superconformal index on S 1 x S l was calculated and the enhancement of global 
symmetry was checked. The part of their result concerning the SUSY transformation for 
the vectormultiplets and the localization computations presumably coincide with ours. 



A Formula for bilinears of Killing spinors 

We can show some relations between the bilinears of Killing spinors [T3]. Here we present 
them in the form valid for any 5d space. First, 



which implies 



Others including w™} 1 are 



r m ^-v m = sfr , (A.i) 



v m v m = s 2 . (A.2) 



= -w mnIJ w mn KL + s 2 (e u e KL + 2e IL e JK ) , (A.3) 
= 2s (ehEkl + 2e IL e JK ) v p + 2v m {eijw pm KL - e K LW pm u ) 

+e pmnqr w mnIJ w qrKL , (A.4) 
= s{%e JK w p \ I -2e JI w p \ K -2e LK w pq JI ) 

+e JI v m e pqmrs w rsLK + e LK v m e pqmrs w rsJI 

-H^JI^nLK-^JI^nLK) ■ (A-5) 



These implies 



= v m w pm KL , (A. 6) 

= 2sw pq IJ + v m e pqrsm w rsIJ , (A.7) 

= w mn KI w m J + 3s 2 e JK , (A.8) 

= Qe JK sv p - (? mn * r w mnI jw 9rK I , (A.9) 

= -2sw qp JK + e IL (w qn IJ w p nLK + w qn IK w p nLJ ) , (A.10) 



JL( pm q , qm p 



3 



iw 



IJ W mKL ~ w IJ W mKL) 



2 ei K (s 2 g pq -v p v q ) , (A.ll) 
e KL w pm IK w q mJL = sw pq LJ + \ (s 2 g pq - v p v q ) e u . (A.12) 
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